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A discrete analog of the WKB or Liouville-Green approximation for the solution
of second order differential equations is discussed. The method is then applied to
obtain asymptotic solutions to second order difference equations whose coefficients
are regularly varying.  © 1992 Academic Press. Inc.

1. INTRODUCTION

The WKB (Wentzell, Kramers, and Brillouin} or Liouville-Green
method for second order differential equations is a powerful method for
obtaining asymptotic approximations to solutions of these types of equa-
tions {(Olver [16]). Here motivated by the work of Braun [1] we present
a discrete analog of this method (Smith [187], Wilmott {247). Consider the
second order difference equation

dn+ 1) y(n+ 1)y—gq(n) y(rn}y+ y(n—1}=0, (1.1}

where d(n) and g(n) are sequences of complex numbers with d(n}+#0,
n=1,2,... If we look for a solution of (1.1) of the form

Fed

yn)= [] ulk), n>ng, {1.2}

k=ng
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we arrive at the discrete Riccati equation

dn+ 1) u(n+ 1) u(n)—gq(n)u(n)+1=0. (1.3)

If we rewrite Eq. (1.3) as

d(n+1)%2u(n)2—q(n)u(n)+1=0, (1.4)

and suppose that lim, , , d(n+1)=1 and lim,_, ., u(n)/u(n+1)=1, then
the solutions of the equation

uo(n)? —q(n) ug(n) +1=0, (1.5)
ie,

() = LA 4 (16)
and

vo(n)

=q(n)—\/7q(n)2—4’ (L7)

where as a complex function we take the branch of the square root so that

lz+. /22 —4|>1 (1.8)

for ze C\[—2, 2], might be expected to yield adequate approximations to
(1.4). This is indeed true if the coefficients in (1.4) approach sufficiently
rapidly their asymptotic values (Maté and Nevai [11], Van Assche and
Geronimo [23], Maté, Nevai, and Totik [12]). If we suppose u,/u,,  to
be known and solve (1.4) for u, then

q(n) u(n)
2 dn+1)u(n+1)

gn) 1 u(n) \’ u(n)
+J(Td(n+1)u(n+l)> Tdn+ Dun+1y (19)

We now follow Braun and develop an iteration procedure for (1.9) by

u(n)=
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replacing u(n) in the right hand side of that equation with u,(#} which
yields

gn) 1 uo(n)
2 dn+1)uyn+1)

\/CI(”) Uo(n) 1 ug(n)
+ { 2 dn+1)ug(n } dn+ Vugln+ 1)

Since uy(n)/d(n+ 1) ug(n+ 1)~ 1 we expand the left hand side in a Taylor
series n

u{n)=

up(n) "
_ (.10
it Dt ) 1.10)

about 1. This gives

(n)  _2Aqm)2)’—1 . P
=T Jam =t

This equation can be written using the definition of «y{#n) as

~

wo{n) = ug(n) 41+ uo(n) [uo(n)*a’(n+1}uo(n+1)1$
e d(n+1) up(n+1) oln) — Luo(n) |
+0((t—1)2). (1.12)
Since wug(n)/d(n+1)uy{n+1)—1=r—1 a useful solution would be 10

replace uy(n)/d(n+ 1) ug(n+ 1) by 1 in the above equation. This we will do,
however, for the applications below it will be more convenient to consider

[uo(n)—d(n—é-l)uo(nﬂ-l)])}': (1.13)
J

) =gl {1 -

L ug(n) — 1/uy(n)

This is one of the approximate solutions of the Riccat: equation that we
wish to use. If we repeat the same procedure with vy{n) in place of ug(#}
we find that the second approximate solution is

() _ [vo(n) —dn+ 1) vo(n+1)]
va(n)=v4(n) {1 o) — o) }

(1.14)

We note that the procedure given above, although purely formal, is usefui
in obtaining approximate solutions. One might imagine cases that would
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arise where higher order terms would be useful, but in the next section we
give conditions on the coefficients in (1.1) which imply that we need not
‘take more terms into consideration. Finally in Section 3 we use this techni-
que to obtain asymptotics for polynomials orthogonal on an infinite inter-
val whose recurrence coefficients are regularly or slowly varying. The idea
of explicitly using the theory of regular variation to compute the
asymptotics of orthogonal polynomials was introduced by Van Assche
[19, 20] although precursors can be found in Nevai and Dehesa [13].
There has been much interest in polynomials whose recurrence coefficients
are regularly varying because of their relation to polynomials orthogonal
with respect to Freud type weights (Lubinsky [7], Lubinsky and Saff
[10], Lubinsky, Maskar, and Saff [9], Nevai [14, 15], Rakhmanov [17],
Van Assche [22]). In Van Assche and Geronimo [21] and Geronimo and
Van Assche [4] strong asymptotics outside the oscillatory region were
given for polynomials whose recurrence coefficients are regularly varying.
Here and in future paper (Geronimo, Smith, and Van Assche [5]) we
extend the results in [21] to a wider class of polynomials, in particular
to those which have recurrence coefficients that are slowly varying.
Polynomials with slowly varying recurrence coefficients are closely related
to those orthogonal with respect to Erdos-type weights which have been
extensively investigated by Lubinsky [8].

2. JUSTIFICATION OF THE APPROXIMATE SOLUTIONS

In order to get conditions on the coefficients in (1.1) so that u,(r) and
v,(n) can be used to approximate the solutions of (1.1) we begin by
considering the equation

s(n) y(n+ 1)+ r(n) y(n)+ y(n—1)=0, 2.1)

where r(n) and s(n) are sequences of complex numbers and s(n) #0 for n
sufficiently large.

THEOREM 2.1. Suppose for N, >nz=N (N, may be infinite) there are
solutions f(n) and g(n), respectively, of the discrete Riccati equation

s(n) fin+ 1) f(n) +r(n) f(n) + 1 =E(n), (22)

s(n) g(n+1) g(n) +r(n) g(n) +1={(n), (2.3)
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where s(n)#0, g(n)#0, and f(n)#0, N.>n=N,

Ni—1
Y @) < oo, (2.4a)
=N
Ny—1
Y LK) < o, (2.4b)
=N

and there exisis a constant ¢ such that
k o
Y NSG+DSG) <o, Ny»nzizN, (25a)

and

5 Zsu)g(j+1>g(j)|<c, N >i>asN. (2.55)

k=n+1 j=k

Then there exist solutions y , of (2.1) such thai

v {n) H SH'—1|<exp {c Z Eg’(j)l}—l, N >n=N, {2.6a)
i=N j=N

and
n Ni—1 b

v _(n) gy t—1 Sexp{c Y Ig(j)l}——l, N,>nz= N (26b}
i=N j=n+1

Proof. Substitute

i
-~
e

,v+(n)=(f] f(i)) (14 g(n))

in Eq. (2.1) then use (2.2) to find
s(n) fn+1) f(n) p(n+ 1) + f(n) r(n) g(n) + (n— 1) = —&{n). (28}

Now use (2.2) once again to eliminate f{n)r(n) in the above equation,
which gives

s(n) f(n+1) f(n)((n+ 1) — ¢(n)) — (¢(n) — g(n— 1)} = —{(n)(1 + ¢(n

{

).

N R

3

D

i

Two linearly independent solutions of the homogeneous equation

s(n) fn+1) f(n)(¢%(n+ 1) — 6°(m)) — (¢°(n) — ¢°(n — 1)) =0 {2.10}
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are
#in)=1, (2.11)

and

n—1

=Y 1 GOFG+DIGN >N (212)

i=N—1 j=N
If we use the method of variation of constants we find that

n—1

Bm)=— T &)1+ (1)
(o BOBn-gose)
SO+ D) FO@+ D ¢%0)— 36+ 1) 50)
(2.13)

is a solution of (2.9). Equations (2.11) and (2.12) allow (2.13) to be
rewritten as

)=~ Gl D EG)(1 +910), (2.14)
where
=z n () G+ 1) () (2.15)
Set
#(m) = — z Gln, 1) EG)(1+¢' (1) (216)

with ¢°(n)=0. Then
161(n)] = 191 — #°(n)| < ZN &0, 217)
by (2.5a). Since
#(n)— ¢~ (n) = —_iN G, D) E)FD)—¢2G),  (218)
we find by counting that

(e ZiZa 1E@1)
!

[4'(m) — 4"~ ()| < ]

, (2.19)
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which in turn implies (2.6a) because ¢(n)=3 ", ($'(n)—¢''(n}). To
obtain (2.6b) make the substitution

n

v_(n)=[] g(G)(1+4(n)) (2.20;

i=N

in (2.1}, then follow procedures similar to those above, with the exception
that instead of (2.12) use

Ni—1 Ni—1

gm)y="Y [ s(helj+1) gl (2.21

k=n+l j=k

N2
N
Foa

which yields

Ni—1

dnmy="3Y ()G (n, N1+ $(0)), (2.22)
i=n+1
where
i i—1
G'n, i)=Y ] s()e(j+1)g()). (2.23}

k=n+1 j=£k

Now using successive approximations, (2.4b) and (2.5b) yield (2.6b).

LEMMA 2.2, Suppose in (2.2) that f(n)#0 and s(n) # 0 for n = N and iez
y(n} be a solution of (2.1) with initial conditions

N=1)=1, (2.24)
y(N)= {2.25)

Then
st = TT 701+ o (226)

with

n—1
¢(n)=(f(};v) ) #3(n) — Z E(NL + (D)) G(n, D), nzN-—-1, {227}

where it is always assumed that the empty product is equal to one.

Proof. From (2.12) we find that ¢3(N—1)=0 and #J(N})=1. Set

P
N
b
oo

pimy=TT fG)1 + (i)
i=N
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then ¢(n) is a solution of (2.29) with initial conditions #(N—1)=0 and
&(N)=(h/f(N))— 1. Using (2.11) and (2.12) we find that

(n) =, 6°(n) + rd2m) — 3 EGNL+()Gm i), nSN—1, (229)

where G(n, i) is given by (2.15). The boundary conditions on ¢(n) imply
that ¢, =0 and ¢, =¢(N), which yield the result.

The rest of this section is devoted to finding conditions on d(n) and g(#n)
so that the hypotheses of Theorem 2.1 are fulfilled.

THEOREM 2.3. In (1.1) let g(n)=q(x,n), N<n<N,, x complex, be a
complex function of x which is finite for x finite. Suppose d(n) is a sequence
of complex numbers such that d(n)+#0, N<n<N,. Suppose there exists a
compact set C of the complex plane containing an open set U such that
[—2,2]< U and q(x, n)¢ C for all N<n< N, < . Finally suppose

uglx, n)—d(n+ 1) ug(x,n+1)
uO(xa ﬂ) - l/uo(x: n)

#1, N<n<N,, (2.30)

and

vo(x, n)—dn+ 1) vo(x, n+1)
vo(x, 1) — 1/vo(x, 1)

#1, N<n<N,. (2.31)
Then there exist two solutions y , of (2.1) such that

‘mn)f[uz(i) ‘<exp{i (j)|}—1, N,>nzN,
i=N
(2.32a)

and

v [T e =1|<onfe S konf-1 vnsn
" o (2.32b)
where
E(n) = d(n+ 1) us(n+ 1) uy(n) — q(x, 1) ug(n) + 1 (2.33a)

and

{(my=d(n+1)vy(n+ 1) vy(n)—qg(x, n) vy(n) + L. (2.33b)
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For N, infinite assume that (2.30) and (2.31) hold for all n = N, that

qg(x,n)¢ C VYax=N, {2.34}
and thar
S (14(m) " + [r(n)1?) < o0,
) ¥ (2.35)
(14(n+ 1) — A(n)| + {r(x, n + 1) = r(x, n)| ) < o0,
N
where
Any=1—d(n) {2.36)
and
rix,n)=qg(x,n+1)—q(x, n). {2.37)
Then
Y én) <o and Y IL(n) < (2.38)
N N

and (2.32) holds for all n, N<n< .

Before proving the theorem we prove a technical lemma.

LemMa 2.4. Let uy(x, n) and vy(x, n) be given by (1.6) and (1.7), respec-
tively, and set

s(x, n)=/q(x, n+ 1)* — 4+ /q(x, n)*— 4. (2.39)

Then
uo(x, n+ 1) —ug(x, n)

_rxn) ‘Hq(x,n+l)+q(x,n)”s (2.40)
2 s(x, n)

volx, n+ 1) —vy(x, 1)
_r(x,n) '1 _q(x, n+1)+g(x, nj]
) s(x, n)

, (2.41)

640°69-3-4
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uo(x, n+ 1) —2ug(x, n) + up(x, n—1)

[r(x, n)—r(x,n—l)][ q(x, n+ 1)+q(x,n)]
= 1+
2 s(x, n)

rix,n—1) [r(x, n)+r{x,n—1)]
+ 2 s(x, n)

r(x, n—1)(g(x, n)+q(x,n—1))

B 2s(x, n)s(x,n—1)

><|: g(x,n+ 1) —g(x,n—1)? }
Jaon+ 1) =4+ Jqlx,n—1)>~4 '

(2.42)

and
[volx, n+ 1) — 200(x, 1) + vo(x, n —1)]

r(x, n)—r(x,n—l)l: q(x, n+1)+q(x,n)}
= 1 —
2 s(x, n)

rix,n—1)[r(ix,n)+r(x,n—1)
- 2 [ s(x, n) ]

rix,n—1)(g(x,n)+q(x,n—1))
2s(x,n)s(x,n—1)
Xl: glx,n+1)2—q(x,n—1)° J
Ve n+ 172 —4+ Jg(x,n— 1)’ —4J

Proof. Equations (2.40) and (2.41) follow immediately from the defini-

tions of uy, vy, ¥, and s. To show (2.42) subtract (2.40) from itself with »
replaced by n— 1 to find

(2.43)

uO(x’ n+ 1)_ 2”0(X, n) + uO(x’ n— 1)

r(x,n)—r(x,n—l),: q(x, n+1)+q(x,n):|
2 s(x, n)

rix,n—1)[ r(x,n)+r(x,n—1)
L e e e
r(x,n—1)

1 1
2 (CI(xa”)‘*‘Q(-’C,”—l))l:

s(x, n)*s(x, n—1)

]. (2.44)

If we put the last term on the right hand side of the above equation over
a common denominator, then clear the radicals in the numerator, we arrive
at (2.42). Equation (2.43) follows in an analogous fashion.
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Proof of Theorem 2.3. We begin by noting that the hypothesis on
g{x, n} imply that there exists a d>1 such that Juy{x, n)>d and
lvg(x, n)| <d~ ! for N<n < N,. This coupled with the fact that d(») is non-~
zero for N<n< N, implies that u,(x, n) and v,{x, n} are bounded away
from zero. Equations (2.30j and (2.31) imply that they are bounded away
from infinity. If N, is finite this is sufficient for the conclusions of the
theorem to hold since all the sums and products in {2.4a), (24b), (2.5a},
and (2.5b) are finite. Suppose N, is infinite; then (2.35) implies that

lim, _, . d{n)=1. If we write (1.13) and (1.14} as
uy(x, n) =ug(x, n){1 —yp(x,n}} (245}
and
vy(x, 1) =volx, m){ 1 —wix, 1)}, {246}
where
Luo(x, n) —d(n+ 1) ug(x, n+ 1} ] o g
y(x, n)= (2.47)
ug(x, n)— Yug(x, n)
and
_ Yo { y
o(x, n) = Tvg(x, m) —di{n+ 1) vo(x, n+1}] (2.48)
volx, n)— 1/ve(x. 1)
we see that y(x, #) and w(x, n) can be recast as
S, n) = (ug{x, n+ 1) A(n+ 1)+ d(n+ lj(uﬁ(x? n)—ugx, n+1))) (249)
uo(x, ny— 1juglx, n}j
and
(%, n)= (vo{x, n+ 1) A(n+ 1)+ d(n+ 1 {velx, n) —vo{x, n+ 1))) 2503

volx, 1) — 1/vg(x, 1)

It foliows from (2.35), Lemma 2.4, and the above two equations that for all
n sufficiently large

[uy(x, m)| >d>1

and

oae <2
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This and d(n) — 1 imply that there is a constant ¢ such that (2.5a) and
(2.5b) hold with s(j)=d(j+ ). We now show the first part of (2.38). To
this end substitute (1.13) into (2.32) to get (we suppress the x dependence)

' 1 .
En) = d(n+1) ug(n + 1) ug(n) (1 }_(Z(:Jr)l) + 1><1 i(:(?n) + 1)

——q(n)uo(n)<lz(—;l()n)+ 1>+ 1. (2.51)

Now subsitute (1.5) into the above equation and use the fact that
q(n)=uy(n)+ 1/ug(n) to find

yn+1)y(n)
(1=y(n+ 1)1 —y(n))

+d(n+1)u0(n+1)u0(n)£(:i—)l)

S(n)=d(n+1) ug(n+ 1) ug(n)

+din+ D) -+ 1) o) 2

o(n) — din+ 1) ug(n + 1) (o) — Luo(n))
_”°(”)< woln) — Luoln) ) A—ym) 7
— (o(m) + 1)) 7 i(:()n) o(n). (2.52)

Combining the third term on the RHS of the above equation with the fifth
term yields
y(n+1) y(n)

Em)y=d(n+1) ug(n+ 1)”°(n)(1_y(n+ 1)(1 —y(n))

y(n)?
1 —y(n)

v
1 —y(n)
y(n)
1 —vy(n)
Now combine the second, third, and fifth terms to get

S(n)=d(n+1) uy(n+1) us(n) y(n+ 1) y(n)

+d(n+1) ug(n+ 1) uy(n) %

—up(n) (uo(n) — 1/uo(n))

y(n+1)

+dn+1)uy(n+1) llo(")m

—~ up(n)

(1 —=v(n))(uo(rn) — 1/uy(n)).

7(n)
1—y(n)

—ug(n)
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This can be rewritten as

En)y=d(n+ V) u(n+ Ly uy(n)y(r+ 1) p(n)
+dn+ 1) u(n+ L udn)(pn+ 1) —5in))
— uy(n)(uofn) — Lug(n)) y*(n). (2.53)

It is easy to see from (2.49) and Lemma 2.4 that the first part of {2.35;
implies the summability of the first and third terms on the right hand side
of (2.53). If we difference (2.49) and use (2.40) and {2.42) it is elementary
but tedious to show that (2.35) implies the summability of the second term
on the right hand side of (2.53). This shows that &{x) is summable. I we
apply the same procedure to (2.33) we find

cu)=dn+1Dyv,(n+ 1) vy{n) win+ 1) win)
+dn+ 1Yv,{n+ 1) e (noin+ 1) — win))

—05(1)(vg(n) — 1ivg(n)) w(n)?, (2.54)

e

and it is not difficult to deduce that (2.35) implies that summability of
(2.54).

Remark. Note that if N, is infinite (2.34) and (2.35) imply via {2.49}
and (2.50) that there exists an N, such that {2.30) and (2.31) are satisfied
for n= N,.

In order to examine solutions in the oscillatory region [ —2, 27, we must
put stronger conditions on the coefficients in the recurrence formula. We
will only consider the case when N, is infinite as the case for N, finite
follows as before.

TueoreM 2.5. Suppose d(n)#0. n= N,

S (1400)] + Ir(x, m)]) < ce. (2

N

[0
(¥4
i
—

and there exists a compact set Cy containing an cpen set U such that
{2, =2} = U. Suppose q(x,n)¢ C, for n=N. Finaily suppose (2.30) and
{2.31) held for n= N. Then

,_
I\
L
[=3

Y [En) <o and 3 |i(n) < .
N N

and there exists two solutions y . of (2.1) such that (2.32) holds for ail =
greater than N.
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Proof. The hypothesis on g(x, n) imply that there is a d> 0 such that
lug(x, nY+ (—1)| >d and |vo(x, n)+ (—1)|>d, i=0, 1. Thus u,(x, n) and
v,(x, n) are bounded away from zero. They are also bounded away from
infinity by (2.30) and (2.31). Equations (2.49) and (2.53) show that the
summability of » and 4 imply the summability of £&. We must show that

Gimm=3 [ @G+1)uG+1)us())! (2.57)

k=n j=n+1

is bounded for aill m=n>= N. Since d(n) > 1 by (2.49) we can find an N,
such that for n = N, d(n+ 1) uy(n+ 1) u,(n) is bounded strictly away from
1. Thus for n>= N,

&ol—tk+1)

G(m, n)=k§n T 1),-=111 t(j), (2.58)
where
1) =(d(j+ 1) u(G+ D uy(j))~ (2.59)

Summing the LHS of (2.58) by parts gives

m k
G(m, n)= (m+1 Z 1—tk+1))_n 1(J)
-y [i A—+1) [ t(j]
k=nlLi=n Jj=n+1

1 1
x(l—t(k+1)_1—t(k)>‘

If we sum the first term and the term in the brackets in the second term
on the RHS of the above equation we find

G(m, n)= ——1—(1 "ﬁ‘ f(j))

T—m+)\ 2L,

m k 1 1
_ 1— ; - .2
_Z< ,.}11’“))(1—:(1«“) ) e

This in turn can be rewritten as

N Va0

j=n+1

l—tn+1) 1—1t(m+1)

SRy ! 1 261
+ 21l t(])(l—t(k+1)_1—t(k)>' (2.61)

k=n+l j=n+1

G(m, n)=




[fe]
o0
()
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Since |ug{x, n)| = 1 implies (2.59),

[L=3(x 4+ D =70, 7
ld(j+ 1)

I~
[
(e

() <

The summability of y(x, j) and (1 —d(/)), guaranteed by (2.49} and (2.55},
plus the fact that d(n) is bounded away from zero and y(x, j) is boundsd
away from infinity imply there exists a constant ¢, such that

x

[T 1iinli<es. (2.63}
j=V
Thus
.
Gim, n}| < -2 :
|Glom, ) tl—t(n+l))+yl—r(m+1¥|
1 1 1

+ ¢ -~ — 1, mznz=N,. {264}
E I—tk+1) 1—1(k) oo !

The boundedness of |[G(m,rn)| now follows from (2.59), (2.55), and
Lemma 2.4 since (k) is strictly bounded away from one. If we write

G'm.n)= Y  []d+ 1 vli+1)vel)

k=m+1 j=k

-
[
[«
W

then analogous considerations to those given above show that it is
bounded for n2m > N. Thus the result is proved.

LemMma 2.6, Suppose in (1.1) dn)=a,la, , and g{x,n)=(x—b,}/a,;
where a,,, b,€R and a,>0 for all n = N. Then (2.30) and (2.31) are fulfilled
Jor xeC\R and n= N.

Proof. From (1.6) and (1.7) we see that for xeC\R, wvoix, n)}—
1/po{x, n) and uy(x, n) — 1/uy{x, n) are not equal to zero for all n = N. If we
ook for equality in (2.30) and (2.31) we find that

; an+l ; ¢ A (™
Uolx, n)— uo(x, n+ 1) =1 ug(x, n) —-— ) (2.66)
n gl x, 71}
9
and
; ar1+1 \ \\ e
volx, n) — volx, n+ 1)=1 vylx, n)— . (2.67;
n DO(X? n)/
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Now substitute (1.6) in (2.66) and (1.7) into (2.67) and use the substitution
for g(x, n) indicated in the hypothesis of the lemma to find respectively

x_bn Ayt x_bn+1 bn+1_bn

JEEE) -t ) e e
where the plus sign is associated with (2.66) and the minus sign with (2.67).
The result will follow if we show that for x complex the LHS of (2.68) has
an imaginary part since the RHS by hypothesis is real. Since the imaginary
part of the LHS of (2.68) is harmonic for Im x >0, examining the values
of this function for Im x =0 and for |x|] - o and using the determination
of the square root given by (1.8), we conclude from the minimum principle
that it cannot be equal to zero for Im x> 0. Analogous considerations

show that the imaginary part of the LHS of (2.68) does not vanish for
Im x < 0.

3. RECURRENCE FORMULAS WITH REGULARLY VARYING COEFFICIENTS

We now apply the previous results to some specific examples. In (1.1) let

d(n+1)=% and  qom="=02  a=0. (1)

n n

where the a,’s and b,’s are regularly varying at infinity, i.c., there exists an
increasing positive sequence {4,,n=0, 1, ..} such that

lim —a>0, lim Z=peR, (3.2)
with
3 ln—l»l
lim n<T——1>=a>0 (33)

a is called the index of regular variation. We assume that @, , >0, b, e R,
n=0,1,2, .., and
lim n(an+l_an)=aa, lim n(bn+1_bn)

n— C A" n-— X A

= ba. (3.4)
From the theory of regularly varying sequences (Bojanic and Seneta [3]),

(3.2) and (3.3) imply that there exist functions /(x), /,(x), and /,(x) defined
by

=75, o)=L (=P

[x1 Calx]”

b£0 (3.5)
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such that

I(tx . Ay(ex . h(ex)
fim W) _ gy W) B (35)
X oo (x) x = [1(:’:) X— !2(}()
for every 1> 0. Here [x] means the integer part of x. Functions satisfying
{3.6) are said to be slowly varying. Therefore ¢, and &, have the representa-
tion

[F8]
~4

a, = an*l,(n) and b, = bn*i,{i). {
Equation (3.2) implies that

i B _ lim !m
e XY e x

7y
=1. {
{

Lot
o0

Equations (3.3), (3.4), and (3.5) imply that

. (n+1) dn+1)
AT )=
nlin}f_ n( [(”) ) "o X (

(‘”+1 ):0. (3.9)

B> L \ 2

It follows from the theory of regularly varying sequences [3. Theorem 4]
that

: ar, : b . a |
lim —d = and lim 1=y (3.10)

n—x a n— %

n i

for every >0 and (3.10) coupled with (3.4) gives

) a —ay, » .
lim n (Lﬂ%[—"]) =qut* 7. {3113
H— I Vi

and

b —b ”

lim » (M—I—M = bat* !, {3.12)
7 ’2“;1 /

for 1 >0.

LemMa 3.1, Let a, and b, be given by (3.7) then

1
(ai+1-ai)2<cﬁ and

[
|

I

[#8)
—
(#8)

; 5 1
(bi~bi,1)‘<c—;, {3

11

N
o
P

~
3N

1 i

H
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with ¢ a constant and

1 a>1
p=<1—¢ e>0 a=3} (3.14)
20—¢ >0 a<i.
Furthermore
1 n
T Y la;oy—2a;+a;_|=0(l) a>0 (3.15)
ni=1
and
1 n
= Y b= 2b+b, ] =o(1)  a>0, (3.16)
ni=1
If
[ai+1_2ai+ai—71]:O(I-—lfﬁ):[bi+1_2bbi+bi——1] 0<p<l1
(3.17)

for i large enough, then the o(1) in (3.15) and (3.16) may be replaced by

1 a>1
o(1/n°), c=<1—c¢ e>0 a=1 (3.18)
L—& >0 a<l.

Proof. 1f we write

(Y
""“‘”"“"‘((f) L) 1)

=ai<5+l‘—(ﬂ—1+0(1/i2)>, (3.19)
! 1,(i)

where (3.9) has been used. This implies that (a,, , — a,) is regularly varying
with index o — 1, hence (a,, , — a;)? is regularly varying with index 2(x — I).
The first part of (3.13) now follows from Karamata’s theorem for regularly
varying sequences [3, Theorem 6] which says that if c(k) is regularly
varying with index « then

1 n
lim ———5— Y kPe(k)= L

—_— 3.20
n—wun'tPe(n) 2, 1+8+a (3-20)
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for B> —a—1. If x <4, the result follows from Potter’s bound [2, p. 25]
which says for every ¢ > 0 and every slowly varying function /{x) there exist
constants ¢, and ¢, such that ¢, x ~* < {x) < ¢, x’ for x sufficiently large. Te
show the second part of (3.13) we write

o ly(i+1)

. —hHh.=H.t — _ ’«'E'Z}\‘E 3
bl+l bl bz(!+ [z(l) i“f‘O(l, ,/’y, 0#0

Here i is assumed large enough so that /,(i} #0 (see {3.9)}. Following the
reasoning above leads to the second part of (3.131
To show (3.15), difference (3.19) to find

la, 1 —2a,+a;_4|

=a,_10|:(%+

That (3.15) holds now follows from the Toeplitz—Silverman theorem
L6, p.43] and (3.20) with ¢(k)= 4, and f= — 1. If the first part of {3.17}
is satisfied then Karamata’s theorem and Potter’s bound show that o{i} in
(3.15) may be replaced by O(1/n”), where o is given in (3.18). Analogous
arguments applied to b, ; —2b,+ b,_, yield the result.

Set

L+ 1) At |—§
L L=t

Li+1) 2 ’
11(1—1)_1!> N

[A, B] =convex hull({0}, [6—2a, b+ 2a7). (3.21)
W

LemMa 3.2, Suppose {a;} and {b,} are reguiarly varying sequences with
index of regular variation o, a,— o, and |b,| — oo or b=0. If 0= 0 suppose
that

limsup{ max ﬂ}—l—hmsup( max -——L b#0.

i<k<gsnd LC</\<nb )

Then jor y ¢ [ A, B] there exist a d> 1, an Ny, and a fixed, finite N, such
that for n = N,

luo(A, 3, )| >d i=12,.,8+N, (3.23a;

lvo(d, y, i) < 1/d i=1,2,.,8+N,, {(3.23b)

J (4, y, D < 1/d i=1,2,..,n+ Ny, {3.23c)
an

(4, y, Dl <1/d i=1,2,.,n+ Ny, (3.23d

where ug, vy, ¥, and w are defined in Egs. (1.6}, (1.7), (2.47), and (2.48).
respectively.
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Proof. Since a, and b, are regularly varying sequences one finds [3,
Theorem 57

k—° k~°b
max { _aak}~1~ max { — k}, o<d, (3.24)
1<k<n (N %, i<k<n (0" °h,
and
k=° k~"b
min { _Ia"}~1~ min { — k}, r>a, (3.25)
I<k<sn (A an 1<ksgsn (N bn

where we have assumed b#0 in the second parts of (3.24) and (3.25).
Suppose for convenience that b > 0, then for y real and greater than b + 2a

_ . (y—bi/r, . _ y—b> y—b
fim inf ALl E Y P SR >0,
min 1332,,(2(ak/,1,,)) o ( 2a 2a #

where (3.24) with « >0 or (3.22) with « =0 has been used. If y is less than
b+2aand y¢[A, B] it must be negative and less than b — 2a. Using (3.24)
and (3.25) for a>0 or (3.22) and (3.25) for « =0 we find that

: y— bk/ln y_b
I < _1. 3.26
imsup max, < 2Nai) ) S 2a © (3:26)

For y complex we examine the imaginary part of A,y—b,/a,. For
Imy>0 (322), for « =0, or (3.24), for a > 0, implies that
lim inf min, ., ., Im y/(a,/4,) = Im p, while for Im y < 0 the same
equations _say that lim sup max, .., Im y/(a;/4,) = Im 3. Since

lz4+./z?—4|>1 for z¢[—2,2] the above arguments show that for
yé¢ [ A, B] there exist d> 1, an Ny, and an N, such that for all n> N,

lu(h, v, i) >d  i=12,..n+N,. (3.27)

Similar manipulations can be used for the cases 5=0 and 5 <0 to arrive
at (3.27). Since vy(4, y, i) = L/ug(4, v, i), (3.23b) follows from (3.23a). To
prove (3.23c) write

ool ¥y 1) — (a4 y/aiJuo(A, 3, i+ 1)
'y(i’l .}" l) - . .
Z’IO(’{n Vs l) - 1/uO()-n Vs l)

_ bi+l_bi <}'n}',_bi -
_< 2a, " 2a, )_1

iy j'n.V_biJrl>2 )/( (Any—bi)z
— —1 2 — —1). 28
a; \/< 2a;,, 2a; ) (3.28)
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From (3.22) and (3.25) for a =0 or (3.24) and {3.25) for >0 we find that
for sufficiently large » and y ¢ [ 4, B] there exists a constant ¢ > 0 such that

Zal-( R S R / _Z\M4a
:'ln \LIO(AHJ’ l) MO()~n.V9 l)>\—‘;}’ (J '} } ;';7;

Clearing the radicals in the numerator of (3.28), then using (3.29), yieids

>c {329

W(‘;Ln y’ l” < )L

C

H

;b,-ﬂ—b,-‘ !

Equation (3.4) and the condition 4,— o now give (3.23c). Equation
(3.234) follows from

1
T3
c

1 b1+i_bi

|w(j.” 1, l)[s—' bi+1_b o b'——b' as—a“< .|
’ ¢ A

i i+ 1 i i+ 1

n '1';1 “H n

which is arrived at starting from (2.48) and using manipulations simiiar to
those used leading to (3.30).

LemMa 3.3, Suppose (3.2), (3.3), and (3.4} hold with a(iy— > and
ib(i})| - o or b=0. Suppose y¢ {4, B], Ny, N, are as is Lemma 3.2 and
(A, x, i)y and {(A, v, i) are given by (2.33a) and (2.33b) respectively. If x>0
then

- $(4n s J) 2
=o(l), =N, {330
jgl ( 1+1/ )Ll-,(},,) ]+1)H7UL;1} J') 0( ' " 0 ( v
and
n+ Ny
Y Ky Dl=o(l),  n=N,. (3.32}

=1
If =0 suppose (3.22) holds and

1

Z 1+1_2ai+ai—1i=o(1):%

J\Mx

lbi—i—l_‘?'bi_{_bl—li* {333}

>~|,_..

",

then (3.31) and (3.32) are still valid.
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Proof. From (2.53) and Lemma 3.2 we find that for n > N,

¢(4n ), J) ‘
(a(.] + 1 )/a(.])) u?_()'n Y _] + 1 ) uZ('ln Yo j)

<1y ys G+ 1) YA 3 D+ 190 3 J+ 1) =34y 3,

uo(iny’ .]) - 1/“0('171 y’ .]) I 12
1 }'n ’, .
G+ DV oy 7| 7 2 )

Since |uy(4, ¥, j)/uo(A, ¥, j+ 1)| is finite and |uy(4, y, j)| =1 for all n and j,
Lemma 3.2 implies that

ol 32 J) ~ ttol L 71 /) ‘ zc(1 3)
@G+ Va) w0 <2\ a)

From (2.47) and (2.48) we find

Z (iny l+1)_y(lny l)l

2b;4y+b]

ﬁ

ﬁ ||[\/]=

[l Q;y2 2al+l+a|+lbl+7

/T
Z [la;y1— ai|2+ lbi+l_bi|2]
1

n i=

and

n+ Ny

Z Iw(inyal-i_l)—w(lny,l”

i=1

C + N

<T Z Llaiy,—2a,  +al+1b,4,—2b, 1 +b)]]

=1
n+N|

Z Lla; 1 — ai|2+lbi+1_bi|2]'
i=1

If &> 0 the result now follows from Lemma 3.1 while if «a =0 the resuit

follows from (3.9) and (3.33).

THEOREM 3.4. Suppose y¢ [ A, B] and (3.2), (3.3), and (3.4) hold with
a;— o0 and |b| = o0 or b=0. If x>0 then there exist Ny>0, N,, and solu-
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tions y_ (A, ¥y, m) and v _(A,y, m) of (1.1} with the substitutions given hy
(3.1) such thar for nz= N,

x

(A, m) n (A ¥, ‘—li

i=i

sewic %

&A1y J) !}_1
(aj+l (l )llvi ,,)‘aj+ E}Hz(,;.”}",j;f '

m=1,2, ... 0+N,, {3.34)

and

| m

}‘~(’]'n v, ,77’1) H U»Z(in ¥, l) '— H i
\

i i=1

( m
<exp iC Y 1A, . ) } m=1,2,..,n+N,. (33%)

j=1

The RHS of the above inequalities tend to zero as n tends to infinity.

If a=0 and (3.22) holds then (3.34) and (3.35) are still vaiid; furthermore
if (3.33) is also true then the RHS in the above inequaiities tend to zerc a3
n tends to infinity.

Proof. In order to prove (3.34) we must show thai for 3¢ [ 4, 3] and
nz N, there exists a C such that

m—1 1
<(C, a+N,>m>i>(
Azwl 7 lz+l(a]+l/ j)l‘!l( n‘v]+1 u?(/{nh.) !

UJ

365
and this follows from Lemma 3.2. (Note that j staris from i+ 1 instead of
i because of the denominator in the LHS of (3.34).) That the error term is
o1} in (3.34) when o >0 or if « =0 when {3.22) and (3.33) hold is a conse-

quence of Lemma 3.3. In order to prove (3.35) we must show that for
y¢[A4, B} and n> N, there exists a € such that

oy

k=m+1 j=k ,/

Yoya, 3, J) vald, v, I < C, n+ N, zi>m>0
{(3.37:

which again follows from Lemma 3.2. Lemma 3.3 can now be invoked to
determine the decay of the error terms.

THEOREM 3.5. Suppose y ¢ [ A, B, and (3.2), (3.3), and (3.4) hold wiin
a,~ < and \b;] — o0 or b=0. Let p(x, n) be the solution of (1.1}, with 4z}
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and q given by (3.1), satisfying the initial conditions p(x, —1)=0,
p(x,0)=1. If «>0, or for x=0 if (3.22) and (3.33) hold, then

n

P,y n) [T uad, 3, )7 =1 =0(1). (3.38)

Proof. We begin by examining the Wronskian, W, of y, and y_

giVen by W(y+ ’ y* )(l) = ai+ l(y+(in ya l + 1) y—(in J’, ’) - y+ (/1)1 y! l)
v _(4,y,i+1)). W(y,,y_) is independent of 7/ and may be evaluated by
setting i equal to one, which yields

Wiy, y 1) =asuy(4,y, 1) v5(4, y, D4y, , 2)(1+ (4, 3, 2))
— 03(2n 3, 2)(1+ (4, 3, 2)).

Equations (2.7), (2.20), and (3.1) with f(i) =uy(4, y, {) and g(i) =v,(4, y, 1)
have been used to arrive at the above equation. If we now use (1.6), (1.7),
(1.13), (1.14) and Lemma 3.2 we find

W(y,,y )=ai, ((“0(’1/"1)" 2)—”"(1;"" 2)> (1 +0(1))>. (3.39)

Since ug(4, v, 2)/A,— v/a, and wvy(4, v, 2)/4,—0, (3.39) implies that
¥ (4, y,0) and y_(4,y, i) are linearly independent for n sufficiently large
and i=1, 2, .., n+ N,. Therefore

p(ln y’ 1) = Cy+(/1n y5 l) + Dy—(j'n y7 l)’ (340)

where D=—W[p,y /WLy, y_1, and C=Wlp, y_1/Wly.,y_1
If we define y, (x,0)=({(x—b)/a,)y,(x,1)—(asa;) y . (x,2) and use
(2.7), (2.14) (all with N=1), and (2.1) then y_(x,0)=1. D can now be
evaluated using the above equation, the initial conditions satisfied by p(x, n)
and (3.39) which give D= (al[p(/l »1)—y, (4, D14, )0 +0o(1))=
o(1), where lim,_, ., p(4,y, 1)/4, —al—llm,,_,oc}+ (4,3, 1)/4,, has been
used. Thus (3.40) becomes

p(ln }", l) — C}' + (An ys l)
H?= 1 uZ(in y’ l) H?: 1 uZ(in y’ l)
The fact that y_(4,p, n)/I1/_, us(4,»,i)—> 0 as n tends to infinity (see
Theorem 3.4) has been used to obtaln the o(1) term in (3.41). To evaluate
C we note that

— [p(}‘n Vs 2) _}’7()." i) 1)_p(j'n Y, 1))’7(% Vs 2)]
[yi(da2,2) y_ Ay, )=y (2,3, 1) y (4,3, 2)]

+o(1). (3.41)

(3.42)



e
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It follows from (1.7} that vo(z) ~ O(1/z) and this combined with Theorem 3.4
shows that tim,_ . p(1,», 1) y_(1,»,2)=0 and lim,_ . (p(4,y 2}
y_{A,p,,1)—4,v/a,)=0. Using these results and (3.39) we find
C =1+ o(1). Substituting this into (3.40) then using Theorem 3.4 gives the
result.

COROLLARY 3.6. Under the hypothesis of Theorem 3.5 it follows that

. p(L,y,n) i
hm n . N = 1’ "¢ i:A’ B}: (34-‘5)
noo T10 1 ho(hn 32 L+ 70y 35 1)) )

where the convergence is uniform on compact subsets of C\[ A4, B]. Here
(4, ¥, i) is given by (2.47), and C is the complex plane.

Proof. From (3.38) we find that

l ,
fim — P2y (3.44)

n— oo H;I=I llz(/’{n Y, l)

where the convergence is uniform on compact subsets of C\[ 4, B]. From
(1.13) and (3.30) it follows that

o —q. o — B INNY
zam»nmma%n@+ﬂa»n+o«m“ ail e =0V
j"n '/’]“n / //[

{3.45)

By Lemma 3.2 |y(4,y, i)] <1 for # sufliciently large and i=1, 2, .., n. The
result now follows by extracting 1 + y(4, y, i) from the parenthesis in {3.45}
and using Lemma 3.1.

Although (3.5) gives slowly varying functions /,(x) and /,{(x) such that
a,=an’l,(n) and b, = bn*l,(n), [,(x) and /,(x) are not unique since they are
determined only at the positive integers. We shall replace these by slowly
varying functions

L,(x)=(Li(n+2)=2L(n+ 1)+ L(m))((x —n)* = (x —n)*)
+(;(n+ )= L;(n)){x —n)+1,(n), n<xsn+l,i=1.1

)

PN
W

46}
where for L,(x) we take n>1 while for L,(x) we let #>0. We note that
this choice of L;(x), i=1, 2, gives

(a) L,(n)=1(n),

(b) Lim)=Il(n+1)—I(n), and

(¢) L/(x)=0[L,(n+2)-2l;(n+ 1)+ L(n)] forn<x<n+1.

640/69,3-5
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LEMMA 3.7. Let L, and L, be as above; then L, and L, are C' slowly
varying functions, im, _, . L (x)/l{(x)=1=1lim, _, , L,(x)/L,(x). If

R(x)=x"L,(x) =0 (3.47)
and
R,(x)=x"L,(x) a =0, (3.48)
where o is given by (3.4), then
a,=aR,(n) (3.49)
and
b,=bRy(n). (3.50)
If >0 then

1 n
7, RO dy=o) = [ IRy i=1.2 (D)

If «=0 and (3.33) holds then (3.51) is still valid.

Proof. The continuity of L,(x) and its derivative follow from (3.46) (sce
(b) above). From (3.2) and (3.5) (see also Bingham, Goldie, and Teugels
[2,p.6]) we find [,(x)//;(n)—1 as n—> oo uniformly for xe[n,n+1].
Therefore L,(x)/I,(x) — | which with (3.6) implies that L,(xt)/L,(x)—1 as
x — oo for every t> 1. Hence L,(x) is slowly varying.

Now differentiate (3.46) with i=1 to find Ri(y)=a(R,(y)/y + y*Li(y).
Therefore

s R [ e

where for convenience we take M to be an integer. The first term in the
above equation can be bounded in the following fashion:

R 2 n
1()’)’ dy-l-f 2 L y)|2 dy], (3.52)
¥ M

n—1
zzf ’ 1(”‘ dy <i If IR, (x)|? dx. (3.53)

nz M 4

From (3.46) and (3.47) we find that

(Ry(x))? < 32 {C,(0)(x — i) = (x — )22 + C, (i) (x — i) + [, (i)2),
i<x<i+l,
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with
N7 (s - -=ai+l & 35
Ci(=hL{+1)—1(i) _-—(H-_I)“ = (3.54)
and
Cy(Dy=C,(i+ 1)~ C{i). (3.55)

Consequently (3.53) is bounded by

3 n= 1 ,+1)".x
)-

‘ni=M

n+1 .2
(CL(i + Coi)? + 1y(i)2) = (12 v E’_> (3.56)

ni=»M t

where the last equality follows from (3.2), (3.7), and (3.54). Hence from
(3.20) we find (1/A2) [4,(R,(¥)/y)* dx = o(1). Analyzing the second term on
the RHS of (3.52) ylelds

1 ¢~ 27"
S P dr<d S e 1EEin + o,
at Ai=M
so that 1/}»2)514}2“ ILY(»)|?> dy =0(1). This coupled with the above
remarks gives the first part of (3.51). To show the second part of (3.51}
write R{(y)=ale—1) Ry(y)/y* + 20y 'Li(y)+ y*L{(y). Now calcula-
tions similar to the ones that led to (3.56) give

Lo | G
Ll Lol <s z (i4+ 11 (1C ) + 1630
1 Z a;la;
=0(= Y 2= 1 }=001 3.57
0(61“5‘:‘”2_' oi)=o) (357

where Egs. (3.2) and (3.4) have been used to obtain the last equality.
Finally we examine

n—1

1 6
— j LI dy <7 % (i+1)°C3(0) (3.58)

}'n Hi=M

From (3.54) and (3.7) we find

. N
GO = T 2r T 1)

1 C
<-=la;p2—2a; tal+—
a a

diy2 2a; ., +£
X

Aiyr2— 414 dai—a—l

ai’ '
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Therefore 374, i* |C,(i)] = o(1) by Lemma 3.1 and (3.20), and the second
half of (3.51) follows.
If 2 =0 and (3.33) holds we find from (3.46) that Ri(y)=L{(y) and

1

e 278l o
7] L dy<s TG0+ 00

ni=M
2)
>

which is o(1) by (3.2) and (3.4). The second part of (3.46) with «a=0
follows immediately from (3.33) since

n—1
<0(i2 Y a2 |fxt g

ani=M

i

LM RN <SS glesn
— ) ) Y —_— l .
An o 1 J’ .} i" a? 2
The proof of (3.51) for R,(y) is the same as that given above.
We are now ready to prove the main result of this section.
THEOREM 3.8. Suppose y¢ [ A, B] and (3.2), (3.3), and (3.4) hold with

a;,— oo and |b;] > 0 or b=0. If >0, or for a =0 if (3.22) and (3.33) hold,
then

im p(2, y,n)
n—wo [ 17 tto(An ¥, )

B (i:b)2—4a2 — 14 bt ds
_{ x? } =P {ZL (x—bs)2—4a2b2} (39)

uniformly on compact subsets of C\[ A, B].

Remark. This result for o >0 was first proved by Van Assche and
Geronimo [21].

Proof- Lemma 3.2 implies that for any compact set X = C\[ 4, B] there
exists an N, such that for n = N, [y(A, 5, 1) <1, i=1, 2, ..., n. Therefore
1 dﬂ
In(1+y(4, 5, 0))=y(A,y, 1)) | ————
(1423 D) =12 D) | g
B dp
o 1+ By(4,y, i)

From (3.9) or (3.13) it follows that 37_, v*(4, y, i) = o(1), hence

=94, », D) — (4, y, iy (3.60)

zn: In(14+y(4, 3, 0)= i y(4,y, i)+ o(1). (3.61)

i=1
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2 N\ 2
Q(x)=\/<y—b—R;ix)> —4q? (——R;(Y)) , (3.62)

where (3.47-(3.50) have been used. We find from (3.46), (3.22), and (3.8)
that |Q(x)| > C>0for a20, y¢[4, B], 1 <x<n, for n sufficiently large.
Applying the Euler-Maclaurin formula [16, p.283] to the sum on the
right hand side of (3.61) gives

N2
D
~3

Set

F

Y In(1+y(4,3,10)

i=1]

1 1
=] 9,y X) dx+3 700, M) +3 700, 3, 1)

M 2
M—1 1 on d?
+ X g [ (8= Balx = [xD) 90 ¥ det ol )
(3.63)
Here
1) — Ry(x))) xXj— Q0
sy, ) = PR D = RN+ Q) = Ot )y

20(x)

which is finite since |Q(x)| > 0. Equation (3.30) implies that the second and
third terms on the right hand side of (3.63) are o(1). For fixed M the same
is true for the fourth term on the right hand side of (3.63). If we differen-
tiate (3.64) with respect to x we find

b((Ra(x + 1) — Ry(x)/A,) + Q'(x) — Q'(x + 1)
20(x)
b((Ry(x+1)— Ry(x)/A,) + Q(x) - O(x+ 1)1 .
_{ 2 ‘% Q (x’
20%(x)

Differentiating once again, then using Lemma 3.7 and the bound
|B, — B,(x)| <} for xe [0, 1], yields

A, p, x) =

|| (Ba= Bar = [x1)7"(h, 2 e

I " "
<ZJM 19" (Ao y, X)| dx

=0U" IRé’(X)I+<|R1(X)!+|R£(X)>2dx:|

M A A

n n
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which is o(1) by Lemma 3.7. Therefore

I M=

(1 + (L, 3, )= 9,3, %) dx+o(1). (3.65)

i=1

An application of Taylor’s formula with remainder to (3.64) yields
(b/A)(RA(x) + 3 [T Ry (z)(x +1—2)dz) [i+'Q'(z)dz
20(x) 20(x)

The numerator of the second term on the right hand side of the above
equation can be rewritten as

Y4, y, x)=

x+1 1 px+1
j 0'(z) dz = Q'(x)+§j 0"(z)(x+1—2z) dz.

X

From Lemma 3.7 we find

Ay fM

Now

j'x+1 R
20(x )

sup, ze[x,x+1] !R2(2)| _
< f Tl dx = o(1).

bR,(x)\ R, L Ri(x) R
Q'(x):(—b(y— i(k)) R;l(x)_4a A(x) A(X)>/Q(x)’

and it follows from Lemma 3.7 that

n
jM

Q@) x+1—z2)dz
Q(x)

9 (fM [ {a [RY(x)] + b |RY(x)| + @ | Ry (x)|2 + b |Ry(x)]?} dx>

=o(1).

These results imply that

b "&ﬂdx_f" Q™) reto(l).  (3.66)

Andar2Q(x) M 20(x)

If we integrate the second term on the right hand side of the above equa-
tion, then let » tend to infinity, we find

B DO 0 N R ) i

,HJ 2Q( dx = lim 3 oM 2 ¥ :

[ 9y, 0 dx=
M
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since (3.2) and Lemma 3.7 show that lim, _,  R,(r)/4,=1lim,_, . R,(#)/,
=1. Choose ¢>0 then fix the integer M sufficiently large so that
R, (x)/R,(x}—1] <¢ for all x> M, and examine the first integral on the
RHS of (3.66),

1 Ryx)dx . 1 v Ry(x)

ZJM 0(x) dx__fMQz(x)
40 | Ry(x)((Ry(x)/Ro(x))? = 1) R2(x)/22 |

— dx 67

" om a@orTT 0. (3.67)

n

bR, 2 H(x)\?
0xtx1= (-2 (R,

From (3.46), (3.22), and (3.8) there exists a C >0 such that [Q,(x)| > C,
for y¢[4,B], and 0 < x < n, n sufficiently large. Furthermore
Q(x) # — Q.(x) for n large enough which implies that there exists a C>0
such that |Q(x)+ Q,(x)| > C. These inequalities show that the integral on
the RHS of (3.67) is bounded by

Here

4a’s Ri(n)
3¢2C A,

da’c (r
MRS

< (3.68)
3CCm ’

where the change of variable z = R,(x)/R,(n) has been used to perform the
integration. The same substitution shows

1 R,
lim — j RAX) 4

n—x Ay Jar @y(x)
1 z
- tim ) | d :
n—wm Ay rayran) f(y — bz(Ry(n)/1,))* — daP(RY(n)/A2) 2*

dz

1
fo Sy —bz)> —4a*7%

where (3.2) and Lemma 3.7 have been used to obtain the last equality.
Therefore (3.69), (3.68), and (3.66) yield

(3.69)

z bt dz
lim In(1+y(4,y x})— =
H— 0 ; 2J V/'(}.___bz)z._4a222
) — b):—4a?| 44’
+l1n 0 b)7 a t\ af
2 ¥ | CC

and since ¢ was arbitrary this gives the result.
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